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Mean-field results for the two-component model
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In previous papers we have introduced a new dynamical model of Ising spins: the two-com@i@ent
model. In this paper we formulate a mean-field version of the TC model by putting it on a complete graph.
With such an approach we are able to describe the kinetics in terms of a one-dimensional stochastic process
with hopping probabilities depending on the magnetization. This allows us to understand the differences in
relaxation between phases observed previously in computer simulations for the TC model on the square lattice
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I. INTRODUCTION were greater or smaller than zero, while in the ANNNI

The Ising spin system is undoubtedly one of the mosl_model the coup_ling constants needed to have opposite signs
frequently used models of statistical mechanics. Recentlyn order to obtain degeneration. _
this model has found numerous applications in sociophysics Moreover, it has been shown that the system can relax in
simulationg 1,2]. Conversely, as was noticed by Slanina andtwo different ways depending on the interaction coefficients
Lavicka [3], sociologically inspired models pose new chal-[4]. Surprisingly, the system is reaching the firlateady
lenges to statistical physics. state in two different ways. In phasés) and(B) the system

The two-componenfTC) model[4,5] has been proposed behaves “blindly,” making a “random” walk to the final state,
to generalize the Sznajd modébr a review se¢6]), which  and in phasefC) and(D) the system is almost ordered after
was aimed at describing global social phenomésaciol- several Monte Carlo steps and then decreasing oscillations
ogy) by local social interactiongdescribed by social psy- around the final state are leading the system into this state.
chology. The crucial difference of the Sznajd model com- This interesting result has been obtained only by computer
pared to other Ising-type models is that information flowssimulations.
outward. In this paper we will present a mean-field approach to the

Because of the importance of this feature, we have deTC model. We will solve the model analytically using this
cided to introduce a generalized model which kept our oldapproach and will show that there are two kinds of relax-
dynamics (the outflow of information but introduced a ation, depending on interaction coefficients, in agreement
function controlling whether a spin should be flipped or not.with simulation results.

The model we have presented consists of two components
(hence the name TC modgH].

(i) Dynamics The information flows outward; i.e., a pair Il. TC MODEL
of spins§ andS,; is chosen to change their nearest neigh-
bors.

(ii) Disagreement functionThe change of spins is con-
trolled by a certain functiorfbased on anisotropic next-
nearest-neighbor IsinGANNNI) Hamiltonian[7]], which is
locally minimized. E'= E(S,S+1,S+2) = = 318541~ 1SSz (1)

In one dimension4] simulations and analytical reasoning
show that the TC model depending on two interaction coefNext we calculate
ficients can eventually lead the system to one of four phases: - —

(A) degenerated, in which two qualitatively different steady E=ECS.8:08:2 T IS+ 2550 @
states exist(B) ferromagnetic(C) antiphasg2,2), and (D) in the case of flipped &h spin. If E"<E*, then we flip the
antiferromagnetic. ith spin; if not, the spin will remain unchanged. We do the

In two dimensiong5] the TC model can also eventually same for the second neighbor of the chosen pair—i.e., for the
lead the system to one of four phaséd) degenerated, in spin S.a.
which four (instead of twg qualitatively different steady We can easily calculate the disagreement function
states exist(B) ferromagnetic(C) double degenerate(in- E(S,S+1,S,,) for all possible triplets:(i) 111, |||, E;
stead of no degeneratiprand (D) antiferromagnetic. =E(S,5:1,5:2)=—-(3;+J,),

It has been noted that in our model a degeneration of the (i) 1], [ [T, E2=ExS,S+1,S+2)=-J1+J5,
steady state was possible even if both coupling constants (iii) 7|1, |T], E3=E3(S,S+1,S4+2)=J1—J>,

(V) 111, TLl, Es=E4(S,S+1,S+2) =1+ o
The definition of the moddkhange of§ according td5 .,
*Electronic address: kweron@ift.uni.wroc.pl; URL: http:// and S,,) implies that only two transitions are possible,
www.ift.uni.wroc.pli~kweron E,— E, andE,« E3. This defines four phases:

Let us now describe the TC model introduced 4. We
investigate a system of Ising spins on a one-dimensional lat-
tice. We choose at random a pair of spls, andS,, and
we calculate the disagreement function
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FIG. 1. Phase diagram of the one-dimensional TC model.
FIG. 2. A sample evolution of the magnetization in four phases

(A) |31 <J5:E;<E, E3<E,, (A)~D) for the TC model on the chain. In phasgs) and(B) the
(B) |3,| <J1:E;<E,, E,<Es, magnetization behaves like a random walker and in ph@eand
(C) J,< |~]1| 'E,<E;,E,<Es, (D) the magnetization decreases by damping oscillations.

(D) 3; <3| :E4<E;,E3<E,.

This means that, e.g., in phase A the ferromagnetic an#lonte Carlo steps and then decreasing oscillations around
antiferromagnetic  triplets are preferable—i.e.[ 17 the final state are leading the system into this state. In this
—T17,1171—11.. Thus in one dimension we expect a paper we want to present a mean-field approach to this prob-
double degeneration of the steady state: the ferromagnetlem, analogously as has been done for the Sznajd ni8del
and antiferromagnetic steady states should be possible. Tlead for an irreversible monomer-monomer model of hetero-
full phase diagram of the one-dimensional model consists ofeneous catalysigl0]. It has been proposed to investigate

four different phasesgsee Fig. L the model on a fully connected netwotkomplete graph

(A) for |J,| <J, there are two possible steady states—which was, in fact, a mean-field-like approach. In such an
ferromagnet and antiferromagnet, approach any two sites are neighbors. Thus in this case we

(B) for J,>1J,| the final steady state of the system is thesimply choose sites,j,k at random and change the ske
ferromagnetic state, according to sites andj:

(C) for |J;] >J, the final steady state of the system is E=-J,55 - LSS. 4)

antiphas€g2,2),

(D) for J;<|J,| the final steady state of the system is thelf AE=-2E<0, then we flip thekth spin; otherwise, we
antiferromagnetic state. leave it unchanged.

We start by presenting computer simulations for the TC
model on the complete graph. In Fig. 3 we plot the evolution
of magnetization changes for each phase. Again, as for the

Recently the following question has been raised by SpirinTC model on the one-dimensional lattice, relaxation depends
et al.[8,9]: What happens when an Ising ferromagnet, withon the phase. In phas¢a) and (B) the magnetization be-
spins endowed with Glauber dynamics, is suddenly cooledaves like a random walker, while in phag€y and (D) it
from a high temperature to zero temperature? oscillates around zero. However, one should notice that on

The same question can be asked with respect to the Tthe complete graph only the ferromagnetic steady state can
model. We start from completely random initial conditions be reached. This explains the difference between simulation
and monitor the evolution of the system. results for the TC model on the chain and on the complete

In a previous papdi] we have found in computer simu- graph for phase€C) and(D). Oscillations are not decreasing
lations that the relaxation of the system described by the Tdor the TC model on the fully connected graph, because the
model depends strongly on the phdse., interaction coef- System is not going to reach the final state-0 (which is

IIl. RELAXATION IN THE TC MODEL

ficients. We have calculated magnetization defined as attainable on the chajn
1 N IV. ANALYTICAL RESULTS
m(t) = NE S S Magnetizationm in the system ol spins can change in

. time due to the two following events:
using Monte Carlo methods and have obtained the following (i) If S=-1— S=1, then the magnetization increases by
results(see Fig. 2 In phase$A) and(B) the system behaves 2/N.
“blindly,” making a “random” walk to the final state, and in (i) If S=1—S=-1, then the magnetization decreases by
phasegC) and(D) the system is almost ordered after several2 /N.
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1 1
dP{(m
(A) (B) P (M) = P(m) + 7 ;(t ). (11
g0 = Thus,
dPy(m
; 1 P(m) + 7 P _ S(m)Py(m) + y*(m-2/N)P,(m- 2/N)
o 5 10 0 5 10 a
time [10™ MCS] time [10” MCS] + v (m+ 2/N)P,(m+ 2/N). 12
0.004 0.004 7 )P ) (12)
C) (D) ExpandingP;(m-2/N), P(m+2/N), y"(m—-2/N) and y (m
+2/N) we get
£ 0 £ 0 P
m
P(m) + 7 = = Ym)P(m)
—0.0040 5:‘ 10 —0.004O El 10 +< +(m) ~ E&y+(m) i(92y+(m)>
time [10* MCS] time [10* MCS] Y N om N2 on?
FIG. 3. A sample evolution of the magnetization in four phases 2 9P,(m) 4 (92pt(m)
(A)—D) for the TC model on the complete graph. In phagesand X | Py(m) - NW + W&—mz
(B) the magnetization behaves like a random walker and in phases
(C) and (D) the magnetization oscillates around zero. . ( 2 dy (m) i&zy"(m)>
YT om TN o
If we denote byN, the number of up spins and . the
number of down spins, then we can write the magnetization x( 2 ‘?Pt(m) 42&2Pt(£n)>
defined by Eq(3) as NTam TN om
. N, - N_ ) (13
TN Becausey’(m) +y (m)+y*(m)=1, we obtain
Moreover, M) _2 L OP(m) 4 PP(m)
T =S\ v ) 2( ) )
N, +N_=N. (6) ot N om 2N ol
From these two equations we get 2 4 PP\ Ay - )
NP e o am
_ N1 +m) R
T2 L AP A+ | (P(m)
2 2 t
N%  dm am 2N
and
4 &ZP(m)><92(7_+ %) 1
N1 -m) + +0|l = |. (14
N_= — (8) 2N? am? omP N3 (14

In the next sections we calculate the hopping probabilities
v~(m), ¥*(m) for each of the four phases, which allows us to
find the evolution equations and understand the differences

In one time stepr, three events are possible: the magne-
tization increases by 2, decreases by N, or remains con-

stant: . .
in relaxation between phases.
2
* = — m+ —
yi(m Prot{m m N}’ A. Phase A
5 In this phase the following transitions are possikjl¢:T
y‘(m)=Pr0t{m—>m——}, = LLLTLL= T 1T L=T11, 117 — 111 We intro-
N duce the probabilitieg,, p_ of finding an up spin and a
down spin, respectively:
¥°(m) = Prodm — m}. (9
. ) o N(1 +m) N, 1+m
Instead of presenting the discrete master equation, it is +=T, DFW :T (15)
simpler and intuitively more revealing to employ a con-
tinuum descriptiof10]. We can write the master equation as and
Pee(m) = Y2(mM)P(m) + y"(m = 2/N)P(m~ 2/N) N(1 -m) N. 1-m
No=—7"—, p-= =5 (16)
+ 5y (m+ 2/N)P,(m+ 2/N), (10 2 N 2
where If we assume thall— oo, we get the hopping probabilities
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+ 2 (1-md)
v*(m) =Pro m—>m+N = PLPsP- + P_psp- = R
(M) =P 2l . _(a-n)
y (M) =Froh m—m N = P-P-P+ * P+p-p-= 4 )
¥’ =Profm— m} = SRS L (17
2 2
As we see,
1_ 2

7+:7_:( m)' 19

which is the case of a random walk with steady state fo
m?=1. This result agrees with simulation results. Now w
can write our evolution equatiofi4). Since in this phase

Y -v'=0 (19
and
_ 1
Y +7+=§(1—mz), (20
we get
P #P P
Nz, PP (1-m?) t(;“ ) _ g PP _ 2P(m).
oam am
(21)
Finally, the dynamical equation is
aP(m) &
N7 a W[(l -mP)P(m)]. (22
If we count time in units
1
T= @, (23

we get the evolution equation with only one diffusion term:

s

PAm) _ &
T T Al (L mIPm].

or (24

Notice that the diffusion coefficient is state dependent
D(m)=1-n? andD(m) — 0 asm— +1. The evolution of the
magnetization therefore can be viewed as the motion of
random walker in a medium that is increasingly 'sticky’ near

PHYSICAL REVIEW E71, 046110(2005
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FIG. 4. Probabilities of reaching the stationary statephases A
and B in time larger tharr, for the chain(in the left panel and for
the complete graplffin the right panel The system sizé&N=1C%.
The values of the initial up-spin concentratipp=0.05(*), 0.3(X),
and 0.4(O). The distribution of waiting times has an exponential
tail with the exponent independent pf for both types of networks
(the chain and the complete graptvhich agrees with the analytical

e

rprediction.
d
—P.(m)=LP/(m), (25
or
where the linear operatdr acts as
(92
(LHX) = a_xz[(l -x)f(x)]. (26)
The full solution of Eq.(24) can be expanded as
(27

P.(m)= E Ane_n"'(l)n(m),

whered,(m) are eigenfunctions corresponding to the eigen-
values + and the coefficientd\, are determined by the ini-
tial conditions. The eigenfunctions of the time-dependent ei-
genvalue equation are the Gegenbauer polynomid$ It
has been found i3] that for the &initial conditions
Po(m)=8(m-my) and for 7— oo the probability density

P (m)= anba(m 1+ sm-1). (28

1+my

2
It is easy to see that for an initial magnetizatiog=2p,

-1, wherep, denotes density of up spins, the probability of
ending in the state of all +1 is simply..

From the solution27) we can deduce an important fea-
ture for the distribution of waiting times needed to reach the
stationary state. Recall that for th®initial conditions the
distribution of waiting times has an exponential {al:

a

P& (7) = g(l - mé)e_ZT, T— 0, (29

extremities. It is worth mentioning that the magnetization in
this phase behaves similarly to the concentration of particleMonte Carlo simulations confirm this prediction both on the
for an irreversible monomer-monomer model of heterogecomplete graph and on the chdsee Fig. 4. The distribu-
neous catalysifl0]. Exactly the same behavior of the mag- tion of waiting times has an exponential tail with the expo-
netization was found for the Sznajd model in Ochrombelnent independent gi, for both types of networké&hain and
simplification on the complete gragB]. complete graph which agrees with the analytical prediction.
The evolution equation of the fori24) has been already However, relaxation on the chain is much slower than on the
studied in Refs[3,10] and the complete solution of this complete graph. Moreover, for the chain the exponent grows
equation can be found if8]. One can look for the solution with the system size, at variance with the results for the
using expansion in eigenvectors and write E24) in the  complete graph. This is also visible in the mean saturation
form time, which can be calculated &3]
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1.4 , . : , ) L\
e rim=pro mme 2 <gip. ) =22 (157
12f | © lo= .
* chain: o=10°
I quadratic fit e i (32

Note that in this case the magnetization will oscillate
around zero, because

y (M) = ¥ (m) =m: (33
i.e., for m>0, y(m)>y*(m) and the magnetization de-
creases and fan<0, y (m) < y*(m) and the magnetization
increases. This agrees with the simulation results.
Since in this phase

y (M) = y*(m)=m (34)
and
FIG. 5. Mean relaxation timédivided by «, to present results TP
for both networks on the same pldétom the initial state, containing Y (m) + ¥ (m) = 1+ (35)
randomly distributedp, =(my+1)/2 up spins, to the ferromagnetic 2

steady state in phases A and B. The system Bizd 0® and the

number of averaging is 8 10°. It is seen that data for the complete the evolution equatiofil4) has the following form:

graph are very well fitted by the analytical resulgslid line) de- JP(m) 1 P 9

scribed by Eq.(30). On the chain the relaxation is much slower. N7 =——[1 —m?)P(m)]+ 2—[mP,(m)].
Dotted lines represent a quadratic fit, provided here for illustration a N om Jm

purposes only. (36)

For N— <o the second, drift term is dominating. Note that in
my In 1+my 1 In 1-mg (30) this case we have different time scaling than in cases A and
2 1-m 2 4 B. In case C we have to put=1/N. Finally we get the

L evolution equation with only the drift term, proportional to
For the complete graph the saturation tifng(m)) does not o magnetization:

depend on the system size and is very well described by Eq.

(30) (see Fig. 5. On the chain the relaxation is much slower aP(m) 9
and the mean saturation tim{g(my)) grows dramatically ar %[mPT(m)]. (37)
with the lattice size. For exampld,r{0.5)~50 for N
=1000 and(75(0.5)) =~ 70 for N=1500.

(7slmg)) = -

It can be easily verified that the solution has the general
form

P.(m) = m f(e'm) (38)

In this phase the following transitions are possitjé:] for an arbitrary functiorf(y). The form of the functiorf(y)
Sl TLT =110, 1Tl =111, 111 —111. The hop- is given by the initial conditions. For example, if the initial

B. Phase B

ping probabilities are condition is aé function, we obtain
2 (1-m?) Po(m) = d(m —mg) = m™ f(m)
Y'(m) =Proby m—m+ 5 ¢ =p.p.p-+ppip-= — —, 4
N f(m) = md(m —my) (39)
- b{ 2} (1-m?) Thus, the density
“(m)=Probym—m-—( = p_p_p; + P.p_p; = .
’ NJ TP P.(m) = sem-my (40
(3D keeps the same form during the evolution; only the location
Which is the same result as for phase A. shifts in time.
C. Phase C D. Phase D
In this phase the following transitions are possiklé:| In this phase the following transitions are possiljle:]
= LI I =11L =100 1T =117 The hop-  — T[T, [TT—=LTL TTT—=11L 111—11T. The hop-
ping probabilities are ping probabilities are
2 1-m)?2 2 1-m)?
y'(m) = Prot{m—> m+ N} =pi(p,+p) =p>= (—2m> , Y= Prot{m—» m+ N} =p?(p, +p.)=p’= <_2 ) ,
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1+m)2 and cannot be described by Eg0), since the rescaled mean
2 ' relaxation time is size dependent and it grows dramatically
with the chain lengtiN. For phase$C) and (D) a drift term
(41D proportional to the magnetization is dominating in the evo-
which is the same result as for phase C. lution equation.. In this case the C?eln.silfy,(m) .k.eeps the
same form during the evolution farinitial conditions. Be-
cause on the complete graph there is only one type of order-
V. CONCLUSIONS ing, ferromagnetism and this is also the only steady state that
In orevious papers we have proposed a new d namiEhe system can reach, the oscillations of the magnetization in
P us pap prop y phases(C) and (D) are not damped and no steady state is
model of Ising spin$4,5]. We have observed that the model : : )
. ; reached, at variance with the case of the chain.
leads to four different phases. Apart from structural differ- . . . T
. . : To summarize the results we provide a list of similarities
ences between phases the difference in relaxation was found , . . .
. . o . and differences between theory and simulations.
by computer simulationg4]. Surprisingly, the system is
reaching the finalsteady state in two different ways. In S
phasegA) and (B) the system behaves “blindly,” making a 1. Similarities
‘random” walk to the final state, and in phas€y and (D) (i) In phasegA) and (B) the evolution of magnetization
the system is almost ordered after several Monte Carlo stepsn be viewed as the motion of a random walker in a me-
and then decreasing oscillations around the final state leagium that is increasingly "sticky” near the extremities.
the system to this state. _ o (i) The ferromagnetic state is the final steady state in
In this paper we have investigated the kinetics of the TCyhasegA) and (B).
model in the mean-field limit. By modeling the network as a jji) The mean-field results predict that in phagas and
complete graph, one can describe the kinetics in terms of &) for the sinitial conditions the distribution of waiting
one-dimensional stochastic process with hopping probabilitimes has an exponential tail. This is true for the TC model

2
7‘=Prot{m—> m—N} =p3(p++p_)=p3=<

the hopping probabilities are (iv) For the complete graph the saturation tifrg(my))
(1-md) does not depend on the system size, which is in agreement
Yag= Yag = 2 (42) with the mean-field results and is very well described by Eq.
(30).
which is the case of a random walk endingvat +1, and for (v) In phases(C) and (D) the magnetization oscillates
phasegC) and (D), around zero.
5 (vi) Mean-field results predict the steady states with mag-
.o (1;”1) netizationm=0 in phasegC) and (D). This is indeed the
Yoo~ 2 ' steady state in these phases, although it is never reached on

the complete grapki.e., this is an unstable steady state for
1+m)\2 the complete graph However, on the chain such a steady
YED:< > ) (43)  state is reached: in pha$€) it has form of antiphasé2,2)
and in phas€D) it is antiferromagnetic.
It is easy to notice that in the second case the magnetization
oscillates around zero, because 2. Differences

Yy -y =m. (44) (i) There are two steady states for the TC model on the

chain in the phase (A)—ferromagnetic  and

These results agree with S|mulat|ons_of the_ TC mo<_jel bOﬂ%mtiferromagnetic—while in the mean-field approach only
on the complete graph and the one-dimensional lattice. the ferromagnetic steady state is possible

Instead of presenti_ng discrete mqster equations, it is sim- (ii) In phasesA) and (B) the mean relaxation time and
pEI;er to enlw}:z[l'oy a contt'lnuur'r;hdeslcrlpt:qu. Fpr [;haekgs ang the exponent in the distribution of waiting times on the chain
(B) a evolution equation with only a diffusive term has €€Nis much larger than predicted by the mean-field approach.

\?vk:;ilr?s?gfelt dr:easer?c?:r?t)?r?:)lgeld—:;‘?tatr?g g'(frf%sfg c:sefrle]men oreover, both grow with the system size at variance with
+1 Th P \uti ¢ R - heref b analytical resultgand with results for the complete graph
—*1. The evolution of magnetization therefore can be iy |5 the mean-field approach the oscillations of the

ylewed as the motlon of a random wal_ker in "’?m.ed'“m the_xt I§11agnetization in the secto(€) and(D) are not damped and
increasingly “sticky” near the extremities. A similar behavior steady state is reached, at variance with the case of the
has been found earlier for the concentration of particles fo hain. '

an irreversible monomer-monomer model of the heteroge-

neous catalysid10]. In this case the system eventually

reaches the steady state of all spins up or all spins down. The ACKNOWLEDGMENTS
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